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# parametrize the Hadamard square root of rank four for a psd -minimal 3-\
cube

R.<y1 ,y2 ,y3 ,y4,y5,y6,y7,y8 ,y9 ,y10 ,y11 >=QQ[];
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
[ 1, 0, y1, 0, 0, 1],
[ 1, 0, 0, 1, y6, 0],
[ 1, 0, 0, y3 , 0, y9],
[ 0, 1, 1, 0, y7, 0],
[ 0, 1, y2, 0, 0,y10],
[ 0, 1, 0, y4 , y8, 0],
[ 0, 1, 0, y5 , 0, y11] ]);M

J=ideal(M.minors (5));
JJ=ideal(y1*y2*y3*y4*y5*y6*y7*y8*y9*y10*y11)
KK=J.saturation(JJ)
KK
[ 1 0 1 0 1 0]
[ 1 0 y1 0 0 1]
[ 1 0 0 1 y6 0]
[ 1 0 0 y3 0 y9]
[ 0 1 1 0 y7 0]
[ 0 1 y2 0 0 y10]
[ 0 1 0 y4 y8 0]
[ 0 1 0 y5 0 y11]
(Ideal (y7 - y10, y6 - y8 + y10 - 1, y4 - 1, y1*y11 - y5 - y11 + 1, y5*y10 - y2*y11 - y10
+ y11, y3*y10 - y5 + y9 - y11, y1*y10 - y2 - y10 + 1, y8*y9 - y8*y11 + y10*y11 - y11,
y5*y9 - y3*y11 - y9 + y11, y2*y9 - y5 + y10 - y11, y1*y9 - y3 - y9 + 1, y5*y8 - y2*y11,
y3*y8 - y5 - y11 + 1, y2*y3 - y1*y5, y2*y8*y11 - y2*y10*y11 + y8*y10 - y8*y11) of
Multivariate Polynomial Ring in y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11 over Rational
Field, 0)

# y7 - y10 , y4 - 1
# y1*y11 - y5 - y11 + 1 => y5 = y1
# y5*y10 - y2*y11 - y10 + y11 => y5 = y2 => y2= y1

R.<y1 ,y3 ,y6 ,y7,y8,y9,y11 >=QQ[];
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
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[ 1, 0, y1, 0, 0, 1],
[ 1, 0, 0, 1, y6, 0],
[ 1, 0, 0, y3 , 0, y9],
[ 0, 1, 1, 0, y7, 0],
[ 0, 1, y1, 0, 0, y7],
[ 0, 1, 0, 1, y8, 0],
[ 0, 1, 0, y1 , 0,y11] ]);M

J=ideal(M.minors (5));
JJ=ideal(y1*y3*y6*y7*y8*y9*y11)
KK=J.saturation(JJ)
KK
[ 1 0 1 0 1 0]
[ 1 0 y1 0 0 1]
[ 1 0 0 1 y6 0]
[ 1 0 0 y3 0 y9]
[ 0 1 1 0 y7 0]
[ 0 1 y1 0 0 y7]
[ 0 1 0 1 y8 0]
[ 0 1 0 y1 0 y11]
(Ideal (y8 - y11, y7 + y9 - y11 - 1, y6 - y9, y1 - y3, y3*y11 - y3 - y11 + 1, y3*y9 - y3 -
y9 + 1) of Multivariate Polynomial Ring in y1, y3, y6, y7, y8, y9, y11 over Rational
Field, 1)

# y8 - y11 , y6 - y9 , y1 - y3
# y7 + y9 - y11 - 1 => y8 = y6 + y7 -1

R.<y1 ,y6 ,y7 >=QQ[];
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
[ 1, 0, y1, 0, 0, 1],
[ 1, 0, 0, 1, y6, 0],
[ 1, 0, 0, y1 , 0, y6],
[ 0, 1, 1, 0, y7, 0],
[ 0, 1, y1, 0, 0, y7],
[ 0, 1, 0, 1, y6 + y7 -1, 0],
[ 0, 1, 0, y1 , 0, y6 + y7 -1] ]);M

J=ideal(M.minors (5));
JJ=ideal(y1*y6*y7)
KK=J.saturation(JJ)
KK
[ 1 0 1 0 1 0]
[ 1 0 y1 0 0 1]
[ 1 0 0 1 y6 0]
[ 1 0 0 y1 0 y6]
[ 0 1 1 0 y7 0]
[ 0 1 y1 0 0 y7]
[ 0 1 0 1 y6 + y7 - 1 0]
[ 0 1 0 y1 0 y6 + y7 - 1]
(Ideal (y1*y7 - y1 - y7 + 1, y1*y6 - y1 - y6 + 1) of Multivariate Polynomial Ring in y1,
y6, y7 over Rational Field, 0)

# add the generator coming from the equation (y6 + y7 - 1)^2 = y6^2 + y7\
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^2 -1

KK=ideal(y1*y7 - y1 - y7 + 1, y1*y6 - y1 - y6 + 1, -(y6 + y7 - 1)^2 + y6\
^2 + y7^2 -1)

# compute primary decomposition to obtain all posibble parametrizations \
of the Hadamard square root of rank four

KK.primary_decomposition ()
[Ideal (y7 - 1, y1 - 1) of Multivariate Polynomial Ring in y1, y6, y7 over Rational Field,
Ideal (y6 - 1, y1 - 1) of Multivariate Polynomial Ring in y1, y6, y7 over Rational Field,
Ideal (y7 - 1, y6 - 1) of Multivariate Polynomial Ring in y1, y6, y7 over Rational Field]

# results

# for (y7 - 1, y6 - 1) the slack matrix has the form
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
[ 1, 0, y1, 0, 0, 1],
[ 1, 0, 0, 1, 1, 0],
[ 1, 0, 0, y1 , 0, 1],
[ 0, 1, 1, 0, 1, 0],
[ 0, 1, y1, 0, 0, 1],
[ 0, 1, 0, 1, 1, 0],
[ 0, 1, 0, y1 , 0, 1] ]);

# for (y7 - 1, y1 - 1) the slack matrix has the form
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
[ 1, 0, 1, 0, 0, 1],
[ 1, 0, 0, 1, y6, 0],
[ 1, 0, 0, 1, 0, y6],
[ 0, 1, 1, 0, 1, 0],
[ 0, 1, 1, 0, 0, 1],
[ 0, 1, 0, 1, y6, 0],
[ 0, 1, 0, 1, 0, y6] ]);

# for (y6 - 1, y1 - 1) the slack matrix has the form
M = matrix(R,[
[ 1, 0, 1, 0, 1, 0],
[ 1, 0, 1, 0, 0, 1],
[ 1, 0, 0, 1, 1, 0],
[ 1, 0, 0, 1, 0, 1],
[ 0, 1, 1, 0, y7, 0],
[ 0, 1, 1, 0, 0, y7],
[ 0, 1, 0, 1, y7, 0],
[ 0, 1, 0, 1, 0, y7] ]);
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